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Constraining Cosmic Topology with CMB Polarization
Alain Riazuelo,1, ∗ Samuel Caillerie,2, † Marc Lachie`ze-Rey,2, ‡ Roland Lehoucq,2, § and Jean-Pierre Luminet3, ¶
1Institut d’Astrophysique de Paris, 98bis boulevard Arago, F–75014 Paris, France
2CE-Saclay, DSM/DAPNIA/Service d’Astrophysique, F–91191 Gif-sur-Yvette Cedex, France
3Laboratoire Univers et The´ories, CNRS-UMR 8102,
Observatoire de Paris, F–92195 Meudon Cedex, France
Multiply connected space sections of the universe on a scale smaller than the horizon size can leave
an imprint on cosmic microwave background polarization maps, in such a way that the so-called
“circles-in-the-sky” method can be used to detect or constrain the topology. We investigate some
specific cases, namely toroidal and sixth-turn spaces, in order to show the influence of topology
on CMB polarization. The correlation between matched points happens to be always positive and
higher than 75% regardless of the angular scale and of the cosmological parameters, except for
reionization. This figure is better than what occurs in temperature maps, but is achieved only in
the absence of noise. It is only slightly reduced by the filtering scheme.
PACS numbers:
I. INTRODUCTION
The question of a possible multiply connected topology of our cosmic space goes back to the pioneering works of
Schwarzschild and Friedmann more than 75 years ago. In the past two decades, various strategies and methods have
been devised to probe a non trivial topology of the space sections of the universe, using current or forthcoming data
from cosmological observations [1]. Since the topological length scales are a priori not known, it is useful to survey
the largest observable scale in order to increase the odds of detecting, or at least constraining, the space topology.
The Cosmic Microwave Background (CMB) emitting region, the so-called last scattering surface (LSS) is situated at
a redshift of z ≃ 1100 and represents the deepest region that can be studied in the electromagnetic domain. Thus
its usefulness for cosmology in general is tremendous [2]. Since more than one decade [3], temperature anisotropies
in the CMB radiation have been mapped as a function of the direction. They result from density fluctuations in the
primordial plasma, which are the seeds of evolved structures in the universe. Their study provides crucial information
on the matter-energy contents of the universe, as well as some hints on the physical process which could have generated
the first density perturbations at a much earlier epoch [2].
CMB anisotropies can also be used to constrain the topology. The main imprint of a non trivial topology on the
CMB is well-known in the case when the characteristic topological length scale (called the injectivity radius) is smaller
than the radius of the last scattering surface: the crossings of the LSS with its topological images give rise to pairs
of matched circles of equal radii, centered at different points on the CMB sky, and exhibiting correlated patterns
of temperature variations [4]. Such “circles-in-the-sky” searches are currently in progress using the WMAP data.
They are however computationally very expensive, and present results are not completely clear. On the one hand, a
massive search for matching circles with radii larger than 25◦ gave negative results [5]. But this result may well be
overstated since, on the other hand, two other more specific searches gave hints for a positive detection. Roukema
et al. [6] extended the search to smaller radii and claimed to have found six pairs of antipodal matched circles in a
dodecahedral pattern; Aurich et al. [23] also found a marginal hint for spherical spaces, both searches being consistent
with the Poincare´ dodecahedron space model recently proposed by some of us [7] to account for the observed anomalies
of the CMB angular power spectrum on large scales. The statistical significance of such results still has to be clarified.
In any case, a lack of nearly matched circles does not exclude a multiply connected topology on scale less than the
horizon radius: detectable topologies may produce circles of small radii which are statistically hard to detect and
current analysis of CMB sky maps could have missed even antipodal matching circles because various effects may
damage or even destroy the temperature matching [8, 9]. Moreover, even if it might already seem severely constrained
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2by observational data, there are still unexpected and still unexplained features on the large angular scales of the CMB
temperature map [10] which may hint for some sort of breaking in statistical isotropy of the CMB, a feature which is
not shared by many models other than multiply connected topologies, and which is present even when the injectivity
radius is larger than the size of the observable universe [8].
Recent work by Aurich et al. [9], Gundermann [11] and Caillerie et al. [12] support the dodecahedron model. Since
the above mentioned anomalies detected in the first year WMAP data [10] suggest the presence of some statistical
anisotropy in the CMB radiation, it appears thus necessary to better constrain topology, by using tests of different
nature. It is now widely understood that the polarization of the CMB, predicted long ago [13], can provide a lot of
additional informations for reconstructing the cosmological model [14]. The information encoded in polarization is
expected to become a necessary input for precision cosmology, when it will be mapped in detail in the next release of
the WMAP data [15] and later by the Planck satellite mission [16]. In this article we show how the polarization can
also be used to put additional constraints on space topology.
This paper is organized as follows: in section II, we remind the key ingredients for detecting topological signatures
in a CMB temperature map, using the circles-in-the-sky method. In section III, we recall the basic properties of CMB
polarization that are useful for our purpose. We then compute in section IV the expected correlation for polarization
maps, taking into account the specificities of polarization. Our main result is that the correlation in polarization
maps is always larger than 75%, assuming an ideal case where no noise is present in the maps. In section V we
present simulated maps for the 3-torus and the sixth-turn space in order to illustrate the validity of our method. In
section VI, we look for various sources of blurring of the correlation when considering two effects: reionization and
finite resolution.
II. CMB PHYSICS AND CORRELATION BETWEEN MATCHED POINTS IN TEMPERATURE MAPS
Let us first review the different contributions to CMB temperature as well as polarization anisotropies. The apparent
temperature fluctuation in a given direction nˆ can be expressed (in Newtonian gauge) by
Θ(nˆ) ≡
δT
T
(nˆ) = (
1
4
δρ
ρ
+Φ)
∣∣∣∣
rnˆ
− nˆ.ve(rnˆ) +
∫ r
0
(Φ˙ + Ψ˙)
∣∣∣
lnˆ
dl, (1)
where the quantities Φ and Ψ are the usual Bardeen potentials [17], ve being the velocity within the electron fluid.
The first terms are evaluated at the LSS, i.e., at rnˆ, where r represents the radius of the LSS. They represent the
Sachs-Wolfe and Doppler contributions to CMB temperature anisotropies. The last term give accounts of the energy
exchanged by photons with time-varying gravitational fields, known as the integrated Sachs-Wolfe (ISW) effect. This
formula is independent of the topology of the universe and is valid in the limit of an infinitely thin last scattering
surface and in absence of reionization. In order to go beyond these approximations, one should replace the quantities
evaluated at the LSS, at rnˆ, by quantities averaged on spheres of various radii, weighted by the probability for an
electron to have experienced its last scattering at the corresponding epoch [18]. Such corrections are however not
relevant for our purpose here.
In a multiply connected space, any two comoving points of space are joined by more than one geodesic. This
characterizes the imprint of topology on cosmology. The immediate consequence is that the observed sky may show
multiple images of a radiating source. Geometrically, the observational space identifies with the portion of the
covering space (i.e. the corresponding simply connected manifold) which lies inside the horizon sphere. Multiple
images (also called topological, or ghost images) of a given source are related by discrete isometries belonging to the
holonomy group. The actions of these holonomies tile the observational space into identical cells which are copies
of a fundamental domain. It results the most intuitive way to detect a multiply connected topology: to identify the
multiple images of the same celestial object. This applies to faraway cosmological sources such as galaxy clusters [20]
as well as spots in the CMB, i.e., different points of the LSS which would correspond to a single point of physical
space.
When the fundamental domain is smaller than the size of the LSS (at least along one direction), the multiple images
of the LSS so generated in the covering space intersect themselves. In this case, the Sachs-Wolfe contributions to the
CMB radiation (which do not depend on the direction of observation) are strictly identical for homologous points of
the LSS. This is at the basis of the now popular “circles-in-the-sky” method, since the intersection of two copies of the
LSS sphere is a circle. Accordingly, a multiply connected topology may be characterized by temperature correlations
between pairs of specific matched circles [4].
However, even in an ideal situation where noise removal would be perfect, such a correlation is not perfect. It is
exact for the Sachs-Wolfe contribution (and even only on scales larger than the width of the last scattering surface),
but absent for the Doppler and ISW contributions [8]. In particular, the ISW contribution depends on the whole
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FIG. 1: Two points of view for describing the light-ray paths between a source point and the observer in a multiply connected
space: (i) the observer O sees two images P1 and P2 of the same point of the last scattering surface; (ii) two copies of the
observer, O1 and O2, see the same point P of the last scattering surface.
path between the emitting point of the LSS and the observer. In a multiply connected space, two matched points of
the LSS are joined to the observer by two different paths. Therefore, their corresponding ISW contributions differ
significantly, except possibly on the very largest scales. This blurs the temperature correlations.
A simple estimator for the correlation between pairs of circles, labelled by the two indices 1 and 2, is the circle
comparison statistics (hereafter CCS) introduced by [4] as:
S(φ∗) ≡
2 < Θ1(±φ) Θ2(φ+ φ∗) >
< [Θ1(±φ)]2 + [Θ2(φ+ φ∗)]2 >
(2)
where Θi is the temperature fluctuation along circle i = 1, 2, φ is the angle associated to the running point on the
circles, and φ∗ is the possible relative phase between the two circles. The average is done all along each circle, which
means that < >= 1/2π
∫ 2π
0
dφ. The + sign in this equation correspond to phased circles and the − sign to anti-
phased circles arising in non-orientable topologies. With this set of notations, the CCS ranges in the interval [−1,+1]:
circles that are perfectly matched have S = 1, while uncorrelated circles have a mean value of S = 0 and totally
anti-correlated circles S = −1.
Let us for instance estimate the expected correlation of the Doppler contribution, which is the main term of blurring,
in order to see the relative magnitude of the perturbation induced by this term on the total correlation. We will also
suppose that the pairs of matched circles remain phased. This property occurs for instance when they are linked by
a simple translation, like in the toroidal case. Without loss of generality, let us fix the coordinate system such that
the two images of a point lie at colatitudes ±α in directions nˆ1 = (sinα, 0, cosα), nˆ2 = (sinα, 0,− cosα). As seen in
eq. (1), the amplitudes of the Doppler terms in these two directions are proportional to nˆ1.Nˆ and nˆ2.Nˆ respectively,
where −Nˆ represents the normalized direction of the electron fluid velocity (the same for both points according to
our hypothesis). It results, between the two Doppler contributions, a correlation:
SD =
< 2 nˆ1.Nˆ× nˆ2.Nˆ >
< (nˆ1.Nˆ)2 + (nˆ2.Nˆ)2 >
. (3)
In the above equation, the average correlation is computed by averaging separately both the numerator and the
denominator in the fixed direction Nˆ. After simple algebra, this gives
〈SD〉 = − cos(2α) = cosβ, (4)
where β = π − 2α represents the angular separation of the two points.
Can we generalise this reasoning to an arbitrary geometry and topology? In a multiconnected space, the observer
O sees multiple images of an unique source point P in real space (Fig. 1, (i)). Let P1 and P2 be two images of the
4same point source P . These images are of course related by P2 = g(P1), where g is a holonomy transformation. The
normalized direction of the velocity of the electron fluid is represented by −Nˆ1 at P1 and −Nˆ2 = Dg(−Nˆ1) at P2,
where Dg is the differential application corresponding to g. Two light rays reach the observer at O who can measure
their arrival directions nˆO1 and nˆ
O
2 . A strict application of equation (3) would imply calculating the scalar products
nˆ
O
1 .Nˆ1 and nˆ
O
2 .Nˆ2, hoping to express SD in terms of observed quantities such as the angle β
O between nˆO1 and nˆ
O
2
(it is well defined as cosβO ≡ nˆO1 .nˆ
O
2 ). But these scalar products are undefined because the vectors involved are not
attached to the same point. Thus SD must be better defined.
To generalise the reasoning to an arbitrary geometry and topology, we choose to adopt a dual point of view (Fig.
1, (ii)). The point source P , with velocity direction −Nˆ, emits light to two copies O1 = O and O2 = g
−1(O1) of the
observer. These two homologous observers see the source respectively in the directions nˆ′O1 = nˆ
O
1 and nˆ
′O
2 , defined
at O1 and O2 respectively. These two directions cannot be compared, nor their scalar product formed, since they
correspond to vectors attached to different points of the covering space. However, the two light rays reaching O1 and
O2 depart from the same point P following spatial directions nˆ1 and nˆ2. This allows us to apply equation (3) to
estimate SD as above. Averaging both the numerator and the denominator over Nˆ gives 〈SD〉 = cosβ
P where βP
defined by cosβP ≡ nˆ1.nˆ2 is the angle under which the source “sees” the two copies of the observer.
βP is not an observable quantity. There is in principle no difficulty to convert βP into βO, but this is a tedious
calculation, which requires the exact knowledge of the geometry of space and the explicit expression of the holonomy
transformation g, and of its differential application Dg. This requires to estimate the parallel transport of the vectors
nˆ1 and nˆ2 along the null geodesics (the light rays), as well as along the trajectory of the holonomy transformation.
However, the situation is greatly simplified when space is flat: then Dg = Id for a translation, and −Id for a translation
with space inversion. In this case, we have respectively cosβP = cosβO and cosβP = − cosβO.
Unsurprisingly, two antipodal points are fully anticorrelated since they correspond to a Doppler effect seen from
opposite directions, whereas the limit where the two points are in the same direction gives a fully correlated Doppler
term. After a quick reminder about polarization in the next section, we shall perform a similar analysis for polarization.
III. A QUICK REMINDER OF CMB POLARIZATION
We recall that the propagation of a density wave in an anisotropic plasma induces a linear polarization of the
CMB [13]. Each photon is polarized when scattered off by an electron of the photon-baryon plasma. The isotropic
superposition of photons in the CMB destroys on the average the polarization. However, the presence of a local
quadrupole in the photon fluid induces a weak residual polarization in the direction orthogonal to the plane defined
by the quadrupole. The amount of observed polarization depends on the orientation of the observer with respect to
the quadrupole, in analogy with the Doppler term dependence on the relative angle between the line of sight and the
fluid velocity. The perfect fluid approximation for the photons would imply the absence of quadrupole. But, during
the decoupling, the perfect fluid approximation is broken by the dramatic decrease of the scattering rate, as the free
electrons become bound to the atomic nuclei. This generates a linear polarization of the CMB temperature. This
prediction was only recently verified [21], because of the low amount of polarization expected.
To analyze the generation of polarization, we may consider a density wave, which generates density gradients in
the photon fluid, in the direction of its wavevector. When the photons propagate, these density gradients generate a
local dipole in the photon fluid: in a region initially richer in photons to its left than to its right, appears a dipole
oriented from left to right. It results a dipole distribution, whose direction and intensity remain constant on a given
waveplane, but vary along the orthogonal direction. A similar reasoning shows that this dipole gradient generates a
local quadrupole, and so on. This is just a rewording of the Boltzmann equation, which couples the ℓ-th multipole of
the radiation to the (ℓ− 1)th and (ℓ+ 1)th multipoles.
Given such a local quadrupole, the scattering of photons on free electrons generates a polarization as explained
above. Since the orientation of the dipole and quadrupole are determined uniquely by the direction of the initial
density field, the generated polarization also depends on the angle between the line of sight and the quadrupole
direction.
For convenience, the usual linear Q and U Stokes parameters, measured in each direction of the microwave sky (and
assuming some rather arbitrary choice of the axis of the polarizer), are split into “electric” and “magnetic” parts,
through a non local transformation. These names reflect the intuitive properties of the corresponding patterns with
respect to parity transformation. For symmetry reasons, the density fluctuations create only E-modes (i.e. curl-free)
polarization patterns on the sky. Although one expects that tensor modes (gravitational waves) also contribute to
the CMB fluctuations, the scalar (density) modes are expected to be dominant [2]. Thus, we assume hereafter that
polarization is due to scalar modes only, so that we only consider the angular dependence of the amplitude of the
scalar E modes.
5IV. CORRELATION IN POLARIZATION MAPS
The polarization is estimated by a method similar to that of Sec. II. The only difference lies in the angular
dependence of the scalar part of the polarization tensor.
The amplitude of the temperature fluctuation due to the Doppler term is proportional to nˆ.Nˆ = cos θ, where θ is
the angle between the fluid velocity direction Nˆ and the line of sight nˆ. Thus, the total angular momentum method
associates naturally the scalar part of this Doppler term with the spherical harmonics Y 01 . In a similar way [14], one
can associate the scalar part of the polarization with the spin-weighted spherical harmonics 2Y
0
2 ∝ sin
2 θ = 1−(nˆ.Nˆ)2.
Although far less intuitive, this can be understood from purely geometrical considerations as indicated in [14]. This
allows us to compute the Doppler contribution of the expected correlation SE
D
of the scalar E mode of polarization for
the two points, by a method similar as above: one simply has to replace in (3) the angular dependence nˆ.Nˆ = cos θ
by 1− (nˆ.Nˆ)2 = sin2 θ. Therefore, one obtains:
SED =
< 2 (1− (nˆ1.Nˆ)
2)× (1 − (nˆ2.Nˆ)
2) >
< [1− (nˆ1.Nˆ)2]2 + [1− (nˆ2.Nˆ)2]2 >
, (5)
and, after averaging,
SED = 1− sin
2 α cos2 α = 1−
1
4
sin2 β (6)
Thus, in the worst case (points in orthogonal directions), the correlation level still remains above 75%, whatever the
value of β, and increases toward 1 for antipodal points. But β is the angle between the two copies of the observer as
seen from the point source and is different from the observed angle βO between the copies of the source as seen by the
observer. Thus, formula (6) could not directly gives us the observed variations of SE
D
but indicates that the blurring
due to the Doppler effect is always weak, more precisely that SE
D
(βO) ≥ 0.75, for all βO as it is true for all β.
V. SIMULATED MAPS AND RESULTS
In order to illustrate the efficiency of the method, we apply it, as an example, to two simple cases of multiconnected
flat spaces: the 3-torus and the sixth-turn space [8]. We consider a flat ΛCDM model with density parameters
ΩΛ = 0.7, Ωcdm = 0.3, and a Hubble constant H0 = 72 km s
−1 Mpc−1; we neglect reionization. We used our CMB
code to compute maps of the scalar CMB polarization E, with the method described in [8]. The only difference is
that the quantities Θℓ(k, η) are replaced by their polarization counterparts Eℓ(k, η).
For the 3-torus, low resolution maps are presented in Fig. 2. The main result is that the polarization fluctuations
are always positively correlated, although not as perfectly as for the (academic) pure SW temperature map, as shown
after in Fig. 3.
For the sixth-turn space we calculate the correlations between circles on various simulated CMB maps. For this
space, the fundamental domain is an hexagonal prism. But along the direction of the prism, the different copies
are not deduced from a translation (as it is the case for a torus), but from a screw motion defined as a translation
composed with a π/3 rotation along the vertical axis (here corresponding to the direction of the prism and to the
vertical direction in the maps). The observer sitting at the center of the prism expects to see pairs of matched circles
at opposite latitudes. In each pair the circles are relatively twisted by an angle nπ/3, where n is the number of screw
motions one has to perform to go from one circle to the other. The prism height L is taken equal to one Hubble
radius. This implies a radius of the observable universe RLSS ∼ 3.246 Hubble radii. Therefore, we expect a series of
matched circles at latitudes
θn = ± arccos
(
n
L
2RLSS
)
, (7)
with 1 ≤ n ≤ 6. The twist between the circles of latitude ±θn is
ϕn = n
π
3
. (8)
Since for a sixth-turn space, both the direction of observation and the angular dependence of the emitting region are
subject to the same screw motions, the above formula (6) remains valid. Fig. 4 compares the circle matching for a
scalar polarization E map and a temperature map. The dependence of the matching of the circles as a function of
their distance is more straightforward.
6FIG. 2: The CMB scalar E polarization anisotropies in a flattened toroidal universe. We consider here a 3–torus with two
lengths equal to the diameter of the LSS and one six times smaller (corresponding to the horizontal direction of the figure).
We show three copies of the LSS along the small length, whose intersections correspond to the matched circles. We consider
a small number of modes. No filtering has been applied to the map. Therefore, all the angular scales to which the modes
contributes are faithfully represented here. The matching is very good for the largest nearby circles. It then decreases, and
increases again for the smallest circles, as follows from Eq. (6). It is the worst case for circles of radius 45 degrees, as seen in
the bottom left and upper right configurations.
VI. POSSIBLE SOURCES OF BLURRING OF THE CIRCLES
The nice result of Eq. (6) will however not correspond to what can be observed, at least for four reasons:
1. The relevance of Eq. (6) relies on the assumption that all the polarization is generated at the last scattering epoch,
and does not take into account any equivalent of the ISW effect for the polarization. However, the duration of
the last scattering epoch is short only in the absence of reionization. Since the last WMAP results [22] suggest
that a significant amount of reionization took place, maybe as early as z ∼ 15, one expects that some part of the
7FIG. 3: Same as Fig. 2, but for the Sachs-Wolfe contribution. Since only the Sachs-Wolfe contribution is considered here, the
matching between the circles is almost perfect, regardless of the angular size or distance of the circles. Note that the map
seems to be at a lower resolution than the polarization map since the former has a relatively flat ℓ(ℓ+ 1)Cℓ spectrum, whereas
the latter has a fast growing spectrum because no large scale polarization is present.
observed CMB radiation was scattered long after recombination. This should induce a bump in the observed
polarization spectrum at large angular scale (as well as a bump in the cross-correlated TE spectrum, as already
claimed by the WMAP team). In this case, the angular scales at which reionization contributes should blur
the circles. However, the angular power spectrum is strongly increasing in this region. Thus, at intermediate
(ℓ ∼ 60) angular scales, the low ℓ contribution of reionization should become negligible, as compared to that of
the recombination epoch.
2. Equivalently, gravitational lensing is expected to contribute to the CMB polarization anisotropies at large ℓ.
The relevant range is however expected to be sufficiently different (large angular scales for reionization, small
ones for lensing), as to preserve a limited range of ℓ where both reionization and lensing are negligible.
8FIG. 4: Comparison of the circle matching for a scalar polarization E map and a temperature map. In these plots we compute
the correlation between circles of latitudes ±θ, with a possible twist between them in a sixth-turn space. Given the small
correlation length of CMB anisotropies in any realistic cosmological model, the correlation between circles is expected to be
negligible except when the circles are very close (around θ = 0 with a negligible twist), or for the values θn and ϕn given
in Eq. (7)–(8) given by the topology we consider here. The first plot shows the correlation for a polarization map, whereas
the next one shows the correlation for the pure Sachs-Wolfe effect, then the full temperature map for the same density field.
Although the pure (but unobservable) Sachs-Wolfe contribution always gives as expected a 100% correlation (up to pixellization
effects) for the matching circles, it is no longer the case for the other maps. Note that the correlation in the polarization map
starts from 100% for untwisted equatorial circles, then decreases and reaches a minimum for circles of latitude ∼ 40 degrees,
and then increases again for smaller circles, as expected. This pattern is always present in polarization maps. For comparison,
a temperature map may not show such a regular pattern, in particular at low or intermediate angular scales such as in these
maps, where either the ISW or Doppler terms blur the correlations.
93. We have assumed a perfect signal-to-noise ratio in the data. This is certainly the most objectable hypothesis
done here, since at present very little is known on how to extract as accurately as possible foreground polarized
emission from CMB observations. A careful analysis of the expected signal-to-noise ratio of WMAP and Planck
mission polarization maps and its imprint on the detectability of the topology of the universe should be performed
and is left for future studies.
4. Finally, Eq. (6) was calculated under the assumption that the whole set of angular scales to which a plane wave
(say) contributes was observed. In practice, an angular filtering is applied to a map, in particular to account
for the instrument resolution. A single mode with comoving wavenumber k mostly contributes to the angular
scale ℓ such that
ℓ ∼ kηLSS, (9)
where ηLSS is the comoving distance of the last scattering sphere. However, this is only approximate, and a plane
wave usually contributes also, although with less intensity, to all the angular scales larger than this value (see
[18]). As a consequence, a map of resolution ℓmax exhibits in principle perfectly the correlations due to modes
with k <∼ kmax = ℓmax/ηLSS, but also incompletely exhibits the contributions from larger wavenumbers. The
consequence is a decrease of the expected correlation. To avoid this problem, the best way is to choose a value
of ℓmax which corresponds to a decreasing part of the spectrum, making the contribution of higher wavenumbers
k > kmax as small as possible. For this reason, in a pure Sachs-Wolfe map, the correlation obtained when
the resolution corresponds to the decrease of the first peak (ℓmax ∼ 300 − 400) is better than the correlation
taken before the first peak maximum (ℓmax ∼ 150). It happens that the most detailed circle searches in CMB
temperature map [5, 23] were precisely performed at angular resolution ℓ ∼ 400 − 500, so that this possibly
annoying problem was evaded.
In other words, there is the necessity to convolve the three-dimensional Fourier spectrum with some window
function in order to project it on the celestial sphere and obtain the Cℓ. This window function is not infinitely
narrow as was done in the approximation of Eq. (9). However, the window function associated to the scalar
E mode of polarization is in fact far more peaked than that of the Sachs-Wolfe contribution to temperature
anisotropies, mainly because of the intrinsic angular dependence of the polarization [18]. Therefore, this effect
does seem to be problematic for the imprint of topology in polarization maps.
As we explained, among these four problems, the third one is certainly the most serious. It is possible that even
the Planck mission sensitivity to polarization will not increase the signal-to-noise ratio sufficiently enough to allow
to search for the topology of the universe in that way. Future polarization designed experiments, however, should be
able to do the job. The problem addressed in this paper represents an example of the required sensitivity that might
be imposed when designing next generation CMB experiments.
VII. CONCLUSION
High precision experiments such as WMAP now give a clear outline of the cosmological model of our universe.
Despite this tremendous success of modern cosmology, some old questions such as the shape of space are still unan-
swered. In this paper, we have described a new test to search for the topology of the universe using polarization maps.
This test is rather ambitious as it necessitates clean data on the CMB polarization map. Given the advantages of the
polarization maps which have been presented here, it appears highly likely that future missions with sufficient good
signal-to-noise ratio (Planck, or some future polarization dedicated missions) will help bringing definitive conclusions
about the question of cosmic topology.
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